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The topological phase transitions in static and periodically driven Kitaev chains are investigated
by means of a renormalization group (RG) approach. These transitions, across which the numbers
of static or Floquet Majorana edge modes change, are accompanied by divergences of the relevant
Berry connections. These divergences at certain high symmetry points in momentum space form the
basis of the RG approach, through which topological phase boundaries are identified as a function
of system parameters. We also introduce several aspects to characterize the quantum criticality of
the topological phase transitions in both static and Floquet systems: a correlation function that
measures the overlap of Majorana-Wannier functions, the decay length of the Majorana edge mode
and a scaling law relating the critical exponents. These indicate a common universal critical behavior
for topological phase transitions, in both static and periodically driven chains. For the latter, the RG
flows additionally display intriguing features related to gap closures at non-high symmetry points
due to momentarily frozen dynamics.
I. INTRODUCTION
The discovery of topological order has enriched the
theory of phase transitions with a new fundamental
paradigm1. Contrary to the traditional Landau formal-
ism based on spontaneous symmetry breaking2,3, topo-
logically ordered systems are not described by local order
parameters but by robust ground state degeneracy, quan-
tized geometric phases4–6 and often long-range quantum
entanglement7–9. Moreover, bulk-edge correspondences
lead to a wide variety of edge states in topological sys-
tems10,11. Topological systems can exhibit charge frac-
tionalization, as well as excitations with exotic abelian
and non-abelian statistics12–17. These can be harnessed
for revolutionary applications, such as spintronics with
edge currents18, topological quantum memory devices
with highly-entangled matter19, and, most notably, fault-
tolerant topological quantum computation17,20,21.
Recently, the exploration of topological order has been
extended to Floquet systems, where it can be gener-
ated through driving in otherwise topologically trivial
systems. Prominent examples are Floquet topological
insulators, and Floquet topological superconductors that
host Floquet-Majorana modes 22–28. Floquet systems in
one dimension often exhibit a tunable topology wherein,
the number of edge modes can be systematically in-
creased by manipulating the intensity or the frequency
of the drive24,29,30. This results in a series of gap clo-
sures in the quasienergy spectrum which signal out-of-
equilibrium Floquet topological phase transitions (TPT)
between topologically inequivalent phases30,31.
The primary focus of literature has been on topological
classifications of these phases based on symmetries rather
than the nature of the transitions themselves32. Recently,
a renormalization group approach was proposed to study
the nature of TPTs in static systems33,34. It essentially
exploits the idea that, since the topological invariant gen-
erally takes the form of an integration over a certain cur-
vature function, TPTs can be identified through appro-
priate deformations of the curvature function, analogous
to stretching a messy string to reveal the number of knots
it contains. This method, termed the curvature renor-
malization group (CRG) approach, has been successful
in describing TPTs in a variety of interacting and non-
interacting static models33–36.
In this article, we extend the CRG scheme to Floquet
systems. To benchmark our method, we study TPTs
in both the static and periodically driven Kitaev chains.
The scheme is based on deformations of the Berry con-
nection of the appropriate Bloch or Floquet-Bloch eigen-
state of the static or effective Floquet hamiltonian, which
plays the role of the curvature function in this problem.
Though winding numbers based on this curvature func-
tion incompletely reproduce the TPTs in Floquet sys-
tems29,37, the curvature function always diverges at cer-
tain high symmetry points (HSPs) in momentum space
as one approaches the TPTs. We will show that the lat-
ter feature determines the critical points of our CRG and
suffices to obtain the full topological phase diagram in an
extremely simplified manner. We find that TPTs across
which the number of edge Majorana modes change by
one are characterized by certain universal features: diver-
gence of the Majorana-Wannier state correlation length
and a scaling law that constrains the critical exponents.
Additionally, the fixed points of the CRG flow reveal an-
other, more subtle type of instability, where the driving-
induced dynamics is frozen revealing minimal correla-
tions. Intriguingly, some of these fixed lines are also as-
sociated with gap closings in the quasi-energy spectrum
opening up the potential for new kinds of TPTs in driven
systems.
The article is structured as follows. In Sec. II, we
present an overview of the CRG method based on the
Berry connection function. In Sec. III, we present an
illustration of the method by applying it to the static
Kitaev chain for fermions or, equivalently, the XY spin-
1
2 chain in a transverse magnetic field. In Sec. IV, we
apply the methodology to the periodically driven Kitaev
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2chain and present a general analysis of the Floquet TPTs
which exist in these systems. Finally, Sec. V summarizes
the main results of the article and offers a glimpse in open
questions and possible future directions.
II. TOPOLOGICAL PHASE TRANSITIONS
AND A RENORMALIZATION GROUP
APPROACH
Here, we briefly review the CRG approach expostu-
lated in33,34,38, which is designed to capture the critical
behaviour of a static system close to a TPT. We consider
a topological system, whose critical behavior at the TPTs
is driven by a set of tuning parameters M = (M1,M2, ...)
in the Hamiltonian. For example, if we consider the XY
spin chain in a transverse field, the tuning parameters are
the magnetic field and the anisotropy, or in the equiva-
lent Kitaev chain model, the parameters are the chemical
potential and the pairing gap.
We denote by F (k,M), the generic curvature function
in one dimension that is synonymous with the notion of
the curvature of a closed string whose integral counts the
number of knots it contains. We will elaborate on the
relation between F and the Berry connection in k-space
in Sec. ??. For static systems, this curvature function
determines the topological properties of the system via
the winding number defined by
W =
∫ pi
−pi
dk
2pi
F (k,M). (1)
Phases with different W are separated by TPTs. As
discussed extensively in Refs.33,34,38, near HSPs k0 of
the underlying lattice, F (k,M) typically displays the
Ornstein-Zernike form
F (k0 + δk,M) =
F (k0,M)
1 + ξ2k0δk
2
. (2)
Let Mc denote the critical point where the system un-
dergoes a TPT associated with a gap closure at a certain
k0.
When M→Mc, the length scale ξk0 →∞ resulting in
a narrowing of the Lorentzian of Eq. (2) and a divergence
of the curvature function asMc is approached from below
or above:
lim
M→M+c
F (k0,M) = − lim
M→M−c
F (k0,M) = ±∞ . (3)
Close to the TPT, we expect the following divergent
behavior:
F (k0,M) ∝ |M−Mc|−γ , ξk0 ∝ |M−Mc|−ν . (4)
with exponents γ and ν characterizing the underlying
TPT. The conservation of the topological invariant as
M→Mc, however, imposes a scaling law γ = ν38.
The exponents ν and γ are synonymous to those as-
signed to correlation length and susceptibility exponents
within the Landau paradigm. To see this, we consider
the Fourier transform of the curvature function:
λR =
∫ pi
−pi
dk
2pi
eikRF (k,M) . (5)
The quantity λR yields a Majorana-Wannier state cor-
relation function that exemplifies the proximity of the
system to a TPT. Inserting Eq. (2) into Eq. (5), we
see that the correlation function decays exponentially
λR ∝ exp(−R/ξk0). This justifies the notion of ξk0 as
the correlation length of the TPT with the associated
critical exponents ν. On the other hand, the curvature
function at HSP is the integration of the correlation func-
tion
∫
λRdR = F (k0 = 0,M), which plays the role of the
susceptibility in the Landau order parameter paradigm,
and hence the exponent γ is assigned.
Based on the divergence described by (3), the CRG
scheme has been proposed to identify the TPTs33,34,38.
The method is based on the iterative search for the tra-
jectory in parameter space (RG flow) along which the
divergence of the curvature function is reduced but the
topology remains unchanged. Under this invariant pro-
cedure the system will gradually move away from the
critical point and the TPTs can be identified. The RG
flow is obtained by demanding that at a given param-
eter set M, the next parameter set M′ in the iteration
satisfies
F (k0,M
′) = F (k0 + δk,M), (6)
where k0 is a HSP and δk is a small deviation from it. It
can be rigorously shown that F (k0,M) gradually broad-
ens under this procedure33, as schematically depicted in
Fig. 1.
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Figure 1: The curvature function F (k,M) near the HSP
k0 = 0 for the static Kitaev chain plotted for several val-
ues of µ0 at ∆ = 0.7. The critical point is located at µ0 = 1.
As approaching the critical point, the curvature function de-
velops a divergence at the HSP (compare orange line and red
line), and the divergence flips sign as the system crosses the
critical point (compare red line and blue line). The CRG
procedure demands the F (k0 + δk,M) (red dot) to be equal
to F (k0,M
′) (orange dot), as indicated by the dashed line,
through one obtains the CRG flow M→M′ along which the
divergence is reduced.
3Writing dMi = M
′
i −Mi and δk2 ≡ dl, and expanding
Eq. (6) to leading order yields the generic RG equation
for the parameters M:
dMi
dl
=
1
2
∂2kF (k,M)
∣∣
k=k0
∂MiF (k0,M)
, (7)
The critical and fixed points of the flow are defined by
the following conditions35
critical point :
∣∣∣∣dMdl
∣∣∣∣→∞, flow directs away,
fixed point :
∣∣∣∣dMdl
∣∣∣∣→ 0, flow directs into. (8)
The TPTs are signalled by the critical points of the
flow that form a (dM − 1)-dimensional surface in the
dM -dimensional parameter space. The fixed points of
the flow are instead related to regions of low-correlation
where ξk0 vanishes. In the following sections, the CRG
method will be applied to investigate the TPTs in both
the static and the periodically driven Kitaev chain.
III. STATIC KITAEV CHAIN
A. Majorana edge modes
We consider the static Kitaev chain described by the
following 1D spinless p-wave superconducting Hamilto-
nian,
H0 =
N−1∑
n=1
[
t
(
f†nfn+1 + f
†
n+1fn
)
+ ∆
(
fnfn+1 + f
†
n+1f
†
n
)]
− µ0
N∑
n=1
(2f†nfn − 1), (9)
where fn, f
(†)
n are spinless fermionic creation and annihi-
lation operators, t is the hopping, ∆ is the p-wave pairing
between spinless fermions, and µ0 is the static chemical
potential16. Note that the fermionic chain can be exactly
mapped to a spin- 12 XY chain in a transverse field via a
Jordan-Wigner transformation. Throughout this work
we will set t = 1.
The Kitaev chain undergoes a TPT to a topologically
nontrivial phase with edge localized Majorana fermions.
This can be seen by splitting each fermion into two real
Majorana fermions
w2n−1 = fn + f†n, w2n = i(fn − f†n), (10)
that satisfy the anti-commutation relations {wn, wm} =
2δnm and wn = w
†
n, i.e. they are their own antiparticle.
In this representation, the Hamiltonian reads
HM0 = i
N−1∑
n=1
[
t−∆
2
w2nw2n+1 − t+ ∆
2
w2n−1w2n+2
]
+ iµ0
N∑
n=1
w2n−1w2n = i
2N∑
m,n
wmAmn(t)wn. (11)
The topologically nontrivial phase with zero-energy edge
localized Majoranas appear for |µ0t | < 116.
To investigate the topology, it is useful to rewrite the
Hamiltonian in (29) in Fourier space
Ho = 2(t− µ0)f†0f0 + 2(−t− µ0)f†pifpi+
+
∑
0<k<pi
(
f†kf−k
)
hk
(
fk
f†−k
)
(12)
where, fk =
1√
N
∑N
n=1 fne
ikn and
hk = a2,kτ
y + a3,kτ
z = 2∆ sin kτy + 2(t cos k − µ0)τz
(13)
and τa are the standard Pauli matrices. The BdG-
Hamiltonian hk can be interpreted as a vector in this
Pauli space29 which subtends an angle φk in the yz-plane.
Integrating this angle variable over the Brillouin zone
yields the desired winding number
W =
1
Vol(BZ)
∫
BZ
dφk. (14)
By mapping out W across the parameter space spanned
by M = (µ0,∆), one obtains a topologically nontrivial
phase with W = 1 at |µ0| < |t|, and a trivial phase with
W = 0 at |µ0| > |t|. The winding number also equals
the number of Majorana edge modes W =M and hence
correctly represents the topological invariant in the static
case. Thus the Majorana number jumps by |∆M| = 1
across the TPT.
B. CRG analysis
To extract the critical behavior around the TPT, we
first obtain the curvature function from Eq. (14), defined
as
F (k,M) ≡ dφk
dk
=
a2,ka
′
3,k − a′2,ka3,k
a23,k + a
2
2,k
=
d
dk
arctan
(
t cos k − µ0
∆ sin k
)
=
∆(µ0 cos k − t)
(t cos k − µ0)2 + ∆2 sin2 k
. (15)
The winding number in Eq. (14) is given by the
momentum-space integration of the curvature function
in Eq. (1). Expanding around the high symmetry points,
k0 = 0 or pi, one can verify that the curvature function
indeed manifests the Ornstein-Zernike form of Eq. (2).
Some plots of F (k,M) for different values of µ0 and t = 1,
∆ = 0.7 are shown in Fig. 1.
To implement the CRG procedure, we insert Eq. (15)
into Eq. (6), and expand around the two HSPs k0 = 0
4and k0 = pi separately. Choosing the CRG parameter
M = µ0 and using Eq. (7), we obtain the following RG
equation:
dµ0
dl
= ±t+ µ0
2
∓ ∆
2
t∓ µ0 , (16)
where the upper sign is for k0 = 0 and the lower sign is for
k0 = pi. This RG flow identifies the critical points µ0 =
±t according to the rules in Eq. (8). The fixed points of
Eq. (8) define ellipses centered at (µ0,∆) = t(∓ 12 , 0):(
µ0 ± 12
3
2
)2
+
(
∆
3
2
√
2
)2
= t2. (17)
with upper sign for k0 = 0 and lower sign for k0 = pi.
The CRG procedure applied to the pairing gap ∆ leads
to
d∆
dl
= ∓∆±∆
2 + (t± µ0/2)(µ0 ∓ t)
(t∓ µ0)2 . (18)
Eq. (18) represents the same set of critical points (verti-
cal lines at µ0 = ±t) and fixed points (the two ellipses),
as shown in Fig. 2. Note that the critical lines are inde-
pendent of ∆.
Figure 2: RG flow of the static Kitaev chain described by
Eqs. (16) and (18), using k0 = 0 and k0 = pi. The flow direc-
tion is indicated by the arrows, and the color scale indicates
the flow rate in log scale. The yellow lines are the critical
points µ0 = ±t where the flow rate diverges, with t = 1 set
to be the energy unit. The blue ellipses are the fixed points
described by Eq. (17) where the flow rate vanishes, which are
stable in some regions and unstable in the other.
C. Criticality - Majorana-Wannier state
correlation function
Next, we introduce a correlation function to quantify
the proximity to a TPT, according to Eq. (5). Our in-
tuition is based on previous investigations of other 1D
non-superconducting systems, such as the Su-Schrieffer-
Heeger (SSH) model, in which a Wannier state correla-
tion function based on the Fourier transform of Berry
connection is proposed38. For an analogous construc-
tion for the Kitaev chain, we need to find an appropriate
gauge for the gauge-dependent Berry connection, such
that we recover the curvature function in Eq. (15) and
the Ornstein-Zernike form cf. Eq. (2).
Firstly, we observe that the Dirac Hamiltonian in
Eq. (13) has a filled-band eigenstate
|uk−〉 = 1√
2ak(ak + a3,k)
(
ia2,k
a3,k + ak
)
, (19)
where ak =
√
a22,k + a
2
3,k. However, the corresponding
Berry connection is trivial since Ak = 〈uk−|i∂k|uk−〉 = 0.
To obtain a Berry connection of the form of Eq. (15), we
transform to the “correct” choice of gauge:
|u˜k−〉 = 1√
2ak
( −ak
a3,k + ia2,k
)
= Vk|uk−〉 , (20)
such that the Berry connection of this state is equal to
(half of) the curvature function in Eq. (15)
A˜k = 〈u˜k−|i∂k|u˜k−〉
=
a2,k∂ka3,k − a3,k∂ka2,k
2a2k
=
F (k,M)
2
= 〈uk−|i∂k|uk−〉+ 〈uk−|
(
iV †k ∂kVk
)
|uk−〉
= 〈uk−|
(
iV †k ∂kVk
)
|uk−〉 . (21)
Interestingly, |u˜k−〉 is not an eigenstate of our Hamilto-
nian in Eq. (13), but an eigenstate of
h˜(k) = Rh(k)R−1 = a3,kτx + a2,kτy ,
R = e−iτypi/4 =
1√
2
(
1 −1
1 1
)
, (22)
i.e., rotating the particle-hole basis such that a3,k be-
comes the a1,k component. The eigenstate basis of |u˜k−〉
is no longer the Nambu spinor (fk, f
†
−k)
T , but the rotated
spinor:
R
(
fk
f†−k
)
=
1√
2
(
fk − f†−k
fk + f
†
−k
)
. (23)
This new basis has a nice physical interpretation as it
is related to the momentum space operator of the real
space Majorana fermions in Eq. (10),
fk ± f†−k =
∑
n
e−ikrn
(
fn ± f†n
)
. (24)
In summary, the gauge choice that leads to |u˜k−〉 consists
of (i) a rotation from the Nambu spinor to the Majo-
rana basis, and (ii) a gauge choice imposing an eigenstate
specified by Eq. (20). This ensures that the curvature
function in Eq. (15) and the Berry connection shown in
Eq. (21) are exactly equivalent.
5The Majorana-Wannier states can now be defined in
the |u˜k−〉 basis
|u˜k−〉 =
∑
R
e−ik(rˆ−R)|R〉 ,
|R〉 =
∫
dkeik(rˆ−R)|u˜k−〉 . (25)
This permits a direct transposition of the statement in
the theory of charge polarization39,40 to this Majorana
problem: in this choice of gauge described in the previous
paragraph, the winding number W in Eq. (1) is equal to
the charge polarization of the Majorana-Wannier state
W =
∫ pi
−pi
dk
2pi
〈u˜k−|i∂k|u˜k−〉 = 〈0|rˆ|0〉 , (26)
where |0〉 denotes the Majorana-Wannier function cen-
tered at the home cell r = 0, and rˆ is the position oper-
ator.
Correspondingly, the Fourier transform of the curva-
ture function yields a Majorana-Wannier state correla-
tion function38 which in conjunction with the Ornstein-
Zernike form of the curvature function in Eq. (2) yields
λR =
∫
dk〈u˜k−|i∂k|u˜k−〉eikR = 〈R|rˆ|0〉
=
∫
drW ∗(r −R) r W (r) ∝ e−R/ξk0 , (27)
where ξk0 is the correlation length at the relevant HSP.
Note that the Majorana-Wannier state correlation func-
tion is nonzero in both topologically trivial and nontrivial
phases, unlike the Majorana edge states that only ap-
pears in the topologically nontrivial phase. Near the
critical point µ0 → ±t, a straightforward expansion of
Eq. (15) around the HSP into the Ornstein-Zernike form
of Eq. (2) yields
lim
µ0→±t
ξk0 =
∣∣∣∣ ∆µ0 ∓ t
∣∣∣∣ ,
lim
µ0→±t
F (k0,M) = ± ∆
µ0 ∓ t . (28)
In the topologically nontrivial phase, the correlation
length ξk0 coincides with the localization length of the
Majorana edge states, as proved explicitly in Appendix
A1. Comparing the above with Eq. (4), we immediately
see that the critical exponents defining the Kitaev chain
TPT (|∆M| = 1) are γ = ν = 1, compatible with the
scaling law imposed by the conservation of the topologi-
cal invariant within a phase. These critical exponents are
the same as those obtained for other TPTs in noninter-
acting static 1D Dirac models such as the SSH model38,
indicating that all these models belong to the same uni-
versality class.
IV. PERIODICALLY DRIVEN KITAEV CHAIN
A. Floquet-Majorana fermions
In this section, we extend the CRG approach to peri-
odically driven Kitaev chain29,30, which is known to host
Floquet-Majorana modes. The Hamiltonian describing
the driven Kitaev chain is the same as in Eq. (9) plus a
time modulation of the chemical potential:
H(t) ≡ H0[µ0 → µ(t)]. (29)
For concreteness, we choose the driving to be a se-
quence of Dirac pulses with period T , µ(t) = µ0 +
µ1T
∑
m∈Z δ(t − mT ). The momentum space equiva-
lent of Eq. (13) is obtained using hk(t) = 2∆ sin kτ
y +
2(t cos k − µ(t))τz.
To study the generation of Majorana modes, we first
obtain an effective Floquet Hamiltonian30 describing the
stroboscopic physics
heff,k = i logUk(T, 0), (30)
from the time-ordered evolution operator
Uk(T, 0) ≡ T
[
exp
(
−i
∫ T
0
hk(t)dt
)]
(31)
since Uk(NT, (N − 1)T ) = [Uk(T, 0)]N by virtue of
the Floquet theorem. The eigenvalues of heff de-
fine the quasienergies α,k of the Floquet-state solu-
tions Ψα(k, t) = exp(−iα,kt)Φα(k, t), where Φα(k, t) =
Φα(k, t + T )
41. The quasienergies are defined up to
a multiple of 2piT = ω because of the T -periodicity of
the Floquet modes Φα(k, t). It is customary to restrict
them to take values in a first “Floquet-Brillouin zone” of
quasienergies α ∈ (−ω/2, ω/2).
Akin to the static case, it is possible to identify two
kinds of zero-quasienergy Majorana modes in the Flo-
quet spectrum, which are then termed Floquet-Majorana
fermions (FMF’s). If γ† (t) denotes the creation operator
of a Floquet mode Φ(t) associated to the quasienergy
 (we drop the index α for simplicity), then particle-
hole symmetry implies γ(t) = γ
†
−(t)
24. Hence, for
 = 0, we recover a zero-quasienergy Majorana mode
as γ0(t) = γ
†
0(t). However, since quasienergies are de-
fined within (−ω/2, ω/2), the same situation can occur
for  = ω/2 with e−iωt/2γω/2 =
(
e−iωt/2γω/2
)†24. Ac-
cordingly, the eigenvalues of U(T, 0) =
∏
k Uk(T, 0) will
then be either ei0T = 1 or eiω/2T = eipi = −1 and the cor-
responding FMF’s are labeled as 0-FMF’s or pi-FMF’s.
FMF’s have characteristics similar to their static coun-
terparts: they have zero quasienergy (modulo ω/2), have
real wavefunctions (stemming from γ = γ†) and are lo-
calized near the ends of the chain29. However, in contrast
to the static case, it is possible to generate a hierarchy
of FMF’s by simply tuning the system’s parameters over
6a wide range. The system can hence be made topolog-
ical even when the undriven phase has trivial topology
and belongs to the Z class, in contrast to the simpler Z2
categorization of the static system29,30.
For the δ-driving considered here, the Floquet operator
in k-space takes the form
Uk(T, 0) =
(
A B
−B A∗
)
(32)
where A = e2iµ1T
(
coshω(k)− i β(k)ω(k) sinhω(k)
)
, B =
−α(k)ω(k) sinhω(k), α(k) = 2T∆ sin k, β(k) = 2T (t cos k −
µ0) and ω
2(k) = β2(k) − α2(k). Diagonalizing Uk(T, 0),
we obtain the explicit form of the effective Hamiltonian
as
heff,k =
2 log λ−
λ+ − λ− [a˜2,kτ
y + a˜3,kτ
z] (33)
where a˜2,k = B and a˜3,k = =[A] and λ± = <[A] ±√<[A]2 − (|A|2 + |B|2) are the eigenvalues of Uk(T, 0).
Based on the similarity of heff,k to the static hk, one
could generalize the definition of the winding number in-
troduced in Eq. (14) to the driven case. Nevertheless,
it has been recently shown that this construction fails
to correctly count the number of FMF’s in certain driv-
ing regimes29,37. An alternative method, obviating the
calculation of micromotion, was proposed in Ref.29 for
the one dimensional case. It defines a finite line segment
between the two points (modified according to our defi-
nition of the Hamiltonian)
b0(T, µ1) =
2T
pi
(µ0 − t+ µ1) ,
bpi(T, µ1) =
2T
pi
(µ0 + t+ µ1) , (34)
corresponding to the cases when the Floquet evolution
operator Uk(T, 0) = ±1, which are realized at the HSPs
k = 0 and k = pi (hence the labelling). The topological
invariant is then constructed from a non-trivial counting
of the odd and even integers smaller/bigger than a certain
threshold and encompassed by the segment, and can be
written asM = N0+Npi, where N0(pi) counts the number
of FMF’s with Floquet eigenvalue ±129.
By computing both N0 and Npi, we map out the
(T, µ1)-phase diagram of the inequivalent topological re-
gions of the effective Floquet Hamiltonian. Fig. 3 depicts
such a phase diagram and clearly illustrates a mismatch
with the one obtained from the conventional winding
number calculations. Generally, the static parameters
∆ and µ0 strongly influence the phase diagrams. The to-
tal number of FMF’s per edge M∈ Z as opposed to the
static case where M ∈ Z2 and can change by an integer
across the boundaries (see Fig. 3). Typically, from the
phase diagram Fig. 3(c), we note that across the TPT
|∆M| = 1. Sometimes anomalous transition regions ex-
ist at higher periods where ∆M = 2. In what follows,
we primarily focus on TPTs with |∆M| = 1 and discuss
the anomalous lines with |∆M| = 2 in section IV B 3.
Figure 3: Illustration of the number of FMF’s of the driven
Kitaev chain for µ0 = 0.1, plotted as a function of the driving
parameters T and µ1. The driving was performed starting
from a static topological region. Note that the topological
phase diagrams are independent of ∆. (a) The FMF’s with
Floquet eigenvalues +1. (b) The FMF’s with Floquet eigen-
values −1. (c) The phase diagram of the system according to
the total number of FMF’s for each phase. (d) The winding
number W stemming from the Berry connection. One sees
that the winding number W does not fully coincide with the
correct number of FMF’s.
To understand the TPTs, it is instructive to analyze
the Floquet quasienergy dispersion, or equivalently the
eigenvalues eiθk of the Floquet operator Uk. They can
be compactly written as30
cos θk = cos(2µ1T ) cos(TEk)+
+ sin(2µ1T )
2(t cos k − µ0)
Ek
sin(TEk) (35)
with the static energy dispersion
Ek = 2
√
(t cos(k)− µ0)2 + ∆2 sin2(k). (36)
In accordance with the bulk-edge correspondence42,
TPT’s should be signalled by a closing of the gap in the
quasienergy spectrum. We note that instances of TPTs
not associated with gap closing have been discovered in
systems where the symmetry of the Hamiltonian changes
across the topological phase boundary43. Our results for
the quasienergy spectra for long but finite Kitaev chains
are shown in Fig. 4. Note that there are gap closings at 0
or pi quasienergies, reflecting the creation or annihilation
of 0, pi-Majorana modes.
Additionally, a systematic analysis of the bulk
quasienergy dispersion θk for different values of the static
parameters ∆ and µ0, reveals gap closures with linear dis-
persions around θk = 0 and the zone edge (θk = pi) when-
ever a new 0-FMF (pi-FMF) is generated or destroyed.
7These gap closures related to TPTs, specifically appear
at HSP k = 0 and k = pi in analogy with the static case.
This behaviour, shown in Fig. 5(a), is in agreement with
expectations for the universality class |∆M| = 1.
Figure 4: Depiction of quasienergy spectra — i.e. eigenvalues
of the Floquet operator — as function of the driving intensity
µ1 for an open chain of N = 100 fermions. The other system’s
parameters are chosen as follows: a) µ0 = 0.1, ∆ = 0.1, T =
1.0, b) µ0 = 0.5, ∆ = 0.9, T = 1.9. The TPT’s generating
or removing 0-FMF’s (pi-FMF’s) are marked by gap closings
at 0 (pi) with the corresponding appearance or disappearance
of eigenvalues at 0 (pi). Note that there are instances of gap
closings, marked by red circles, not associated with a change
in the topological invariants. Those phase transitions appear
in observables such as correlators and are detected by the
CRG scheme.
Figure 5: (Top) Gap-closing manifests in the quasienergy
dispersion θk, and (bottom) the corresponding divergence of
the curvature function F (k,M) in the periodically driven Ki-
taev chain: (a) At ∆ = 0.5, µ0 = 0.1, µ1 = 0.9, T = 2.0,
which is the critical point of gap-closing at k0 = 0 and creat-
ing a 0-FMF. The inset of the quasienergy plot shows that the
gap-closing at k0 = 0 is in fact linear at low energy, although
it looks quadratic at larger scale. (b) At ∆ = 0.1, µ0 = 0.1,
µ1 = 0.78, T = 2.0, where the gap closes at non-HSPs (see
also Fig. 10).
Note that gap closures can also occur in θk at non-HSP
(see Fig. 5(b)). These features at non-HSP are visible in
the quasienergy spectra but are not systematically asso-
ciated with a change in the N0 + Npi (see Fig. 3d)). We
will show in the next section that the CRG scheme is
capable of capturing the physics of both topological and
nontopological gap closures at HSP and non HSP.
B. RG flow for the Floquet effective Hamiltonian
of the driven Kitaev chain
In the previous sections, we saw that driving can in-
deed generate a hierarchy of Floquet-Majorana modes
M with TPTs between zones with differing M. We
now demonstrate that this complex phase diagram —
cf. Fig. 3 — can be obtained by the CRG procedure
outlined in Sec. III. As in the static case, the effective
Floquet Hamiltonian heff in Eq. (33) defines an angle
function φk that represents the angle that heff spans in
the yz-plane. The curvature function F (k,M) ≡ dφkdk is
calculated from the angle function as
F (k,M) =
d
dk
arctan
(
a˜3,k
a˜2,k
)
=
d
dk
arctan
[
cos(2µ1T )(t cos(k)− µ0) sin(TEk)− sin(2µ1T )2 cos(TEk)Ek
∆ sin(k) sin(TEk)
]
. (37)
8Sample curvature functions are shown in the the bottom
panels of Fig. 5.
Figure 6: (a) The topological phase boundaries in the
M = (T, µ1) parameter space for the periodically driven Ki-
taev chain at µ0 = 0.1. White lines signal the creation of
a 0-FMF and black lines the creation of a pi-FMF. (b) The
magnitude of the residual correlator Cres in the same param-
eter space, taken from Ref.30. (c) The RG flow obtained
from k0 = 0. The color codes are log of the numerator
log
[
∂2kF (k,M)|k=0
]
in Eq. (7), with orange the high value
and blue the low value. The bright lines (critical points of
0-FMF) coincide with the white lines in (a), and blue lines
(stable or unstable fixed points) are close to the white lines
in (b) (minimum of Cres). (d) The RG flow obtained from
k0 = pi, whose bright lines (critical points of pi-FMF) corre-
spond to the black lines in (a)
In the periodically driven case, the parameters that
define the CRG flow are M = (T, µ1), i.e. the period
and intensity of the driving. As for the static case, we
use Eq. (7) to obtain the flow equations for the system
in the M = (T, µ1) parameter space. However, since the
analytical expressions of the derivatives of the curvature
function are cumbersome, we numerically evaluate them
on a discrete mesh of points:
dMi
dl
=
∆Mi
∆k2
F (k0 + ∆k,M)− F (k0,M)
F (k0,M+ ∆Mi)− F (k0,M) , (38)
where ∆k, ∆M = (∆T,∆µ1) are grid spacings. The
advantage of Eq. (38) is that at each mesh point of the
M = (T, µ1) parameter space, one only requires to calcu-
late two points in the momentum space k0 and k0 + ∆k
without explicitly performing the integration of winding
number in Eq. (1), rendering a very convenient numeri-
cal tool to identify TPT. The resulting RG flows for both
HSP k = 0, k = pi are shown in Figs. 6(c) and (d) for
µ0 = 0.1. Using the criteria outlined in Eq. (8), we dis-
tinguish the set of critical and fixed points as the bright
lines of maximal flow and the dark lines of zero flow,
respectively.
1. Critical Lines
Comparing with the phase diagram obtained Fig. 3(c),
we see that the critical lines of the CRG method correctly
capture the phase boundaries where ∆M = 1. The CRG
scheme is also able to track which type of FMFs are cre-
ated or annihilated at the critical boundaries. A direct
comparison of the flow diagrams with Fig. 6(a) and (b)
reveals that the phase boundaries where the number of
0(pi)-FMF’s N0(Npi) changes are delineated by the criti-
cal lines of the CRG flow around the HSP k0 = 0(pi), re-
spectively. This correlation holds true also for all ranges
of the parameters µ0, µ1 and T .
Analytical expressions for the critical flow lines where
N0 or Npi changes by one can also be obtained by analyz-
ing the divergences of limk→0,pi F (k, T, µ1) as a function
of T, µ1. The TPTs occur at the boundaries defined by
the simple equations:
0− FMF : µ1(T ) = m0pi
2T
+ (t− µ0), m0 ∈ Z
pi − FMF : µ1(T ) = mpipi
2T
− (t+ µ0), mpi ∈ Z, (39)
which agrees with the boundaries delineated by M in
Fig. 6(a) and the residual correlator in Fig. 6(a)-(b). We
note that there are fixed lines Mf in close proximity to
some dominant critical lines Mc( not visible in the flow)
and hence subsumed by the criticality. To distinguishMc
from Mf , very fine spacings of ∆k, ∆T and ∆µ1 must be
used, as demonstrated in Fig. 7 (a). A striking feature
of (39) is that as in the static case, the critical lines
and hence the topological phase diagram in the Floquet
case are independent of the anisotropy/p-wave parameter
∆. This is a non-trivial prediction which can easily be
verified using the quasienergy spectra.
Signatures of these transitions in a driven-dissipative
setup were recently studied in 30,44. It was shown that
the weighted sum of the Majorana correlator Cij(t) =
〈ωiωj〉 − δij was capable of delineating the bound-
aries between different topological phases. This sum,
termed the residual correlator, is defined as Cres ∝∑
|j−k|≥N/2 |Cjk|30,44 and effectively filters out short-
range correlations and offers a measure of long-range cor-
relations. A typical plot of Cres from Ref.
30 is shown in
Fig. 6. Clearly, the residual correlator is able to precisely
track the critical topological phase boundaries. Note
that lines of pronounced low correlation are seen in Cres
which are unrelated to the critical lines. We will show in
Sec. IV B 3 that these low correlation lines are related to
fixed lines of the CRG and frozen dynamics.
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Figure 7: (a) The CRG flow along T -direction at fixed µ1 =
0.1 close to the critical point Mc = (Tc, µ1c) ≈ (1.9635, 0.1).
The flow has been obtained from k0 = 0 by numerically eval-
uating the derivatives with a very find grid ∆k = 0.0001 and
∆T = 0.00001. One sees that the critical point µ1c ≈ 1.9635
at which dT/dl diverges and the fixed point µ1f ≈ 1.9637 are
extremely close. (b) The inverse of the Wannier state corre-
lation length ξ−1k0 and that of the curvature function at HSP
F (k0, T, µ1)
−1, both vanish linearly as T → Tc, indicating
their critical exponents γ = ν = 1.
2. Wannier state correlation functions and critical
exponents
To characterize the TPTs for the Floquet chain, we
derive the equivalent Majorana-Wannier state correla-
tion function. We follow the same procedure outlined
for the static case in Sec. III C. Let |uk−〉 denote the low-
est eigenstate of heff,k. It has the form of Eq. (19) and
a vanishing Berry connection Ak = 〈uk−|i∂k|uk−〉 = 0.
We use the gauge transformation Eq. (20) to obtain
h˜eff,k = Rheff,kR
−1 = a˜3,kτx + a˜2,kτy. The eigen-
state of h˜eff,k, |u˜k−〉 is again expressible in the basis of
Floquet-Majorana fermions as in Eq. (23). The non-
vanishing Berry connection of Eq. (37) for the driven
case is now given by A˜k = 〈u˜k−|i∂k|u˜k−〉 = F (k,M)/2.
The Majorana-Wannier state |R〉 and the corresponding
Majorana-Wannier state correlation function can then be
defined using Eqs. (25) and (27). |R〉 is now a time-
independent stroboscopic function encoding the physics
in heff.
To obtain the critical exponents of the Floquet TPTs,
we compute the Majorana-Wannier state correlation
length. We find that
ξk0 ≈
∣∣∣∣ (∂ka˜2,k)k0a˜3,k0
∣∣∣∣ = |F (k0,M)| , (40)
implying that the critical exponents of the TPT γ =
ν. The detailed calculations are performed in Appendix
A2. Similar to the static case, there are two correlation
lengths ξ0 and ξpi depending on which HSP is considered.
At the TPTs, only the ξk0 associated with the HSP k0
at which the gap closes in the quasienergy spectrum will
diverge. Close to the TPT driven by a control parameter
Mi as calculated in Appendix A2,
ξk0 ∝
1
|Mi −Mic| (41)
where Mic is the critical value of the parameter. This
demonstrates that the critical exponents of the Floquet
TPT are ν = γ = 1. This result is further bolstered
by the numerical extraction of the exponents from the
Ornstein-Zernike fit to the curvature function F (k,M)
in Eq. (2). From Fig. 7 (b), we see that ξ−1k0 is linear in
Mi−Mic only in a very narrow range nearMc, indicating
that the critical region is in general very small.
In Appendix A2, we show that the Floquet Majorana
edge state being created at the TPTs has a decay length
that coincides with the Majorana-Wannier state correla-
tion length. Across each critical boundary in Fig. 6 only
one Majorana edge state is created, i.e. |∆M| = 1, and
this state determines the critical behavior. The change in
Majorana number |∆M| = 1 in conjunction with the crit-
ical exponents ν = γ = 1 means that the driven system
still belongs to the same universality class as the static
Majorana chain, despite the intrinsically more complex
phase diagram of the Floquet Majorana chain cf. Fig. 6.
3. Fixed lines and frozen dynamics
The fixed lines of the CRG resolve the puzzle of low
correlations in Cres discussed earlier. Specifically, com-
paring Figs. 6(b), (c) and (d) we see that the combined
fixed lines of the flow Mf for k0 = 0 and k0 = pi pre-
cisely encompass the regions of reduced correlations in
Cres. This correspondence is sound, because the fixed
lines represent points where the Majorana-Wannier state
correlation length vanishes (see next section).
Insight into the nature of the fixed lines (FL) can be
obtained by examining the behavior of the Berry connec-
tion as one traverses these lines. We find that the Berry
connection shows divergences at non HSPs which then
flip sign across the FL if M > 1. When M ≤ ∞ no
divergence occurs like along the fixed lines in the static
case.
a) b)
μ 1
Figure 8: Comparison between the topological invariantM =
N0+Npi and the residual correlator Cres for the (T, µ1)-phase
diagram of the driven Kitaev chain with ∆ = 0.1, µ0 = 0.5.
The topological invariant seems to indicate additional phase
boundaries at higher periods, where the number of FMF’s
jumps by two. These additional phase boundaries coincide
with the fixed lines of the CRG flow and the lines of low
correlation in Cres.
Remarkably, the CRG approach based on the expan-
sion around HSPs captures very well the divergences at
non-HSPs. This can be attributed to the conservation of
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Figure 9: Plot of the Berry connection F (k,M) across the
FL for ∆ = 0.1, µ0 = 0.1, and at a) µ1 = 1.5 and b) µ1 =
1.0. Panel a) shows the Berry connection for a region with
one FMF (see also Fig. 3). The same number of positive
and negative peaks flips sign. Hence, the topological index
W = −1 is unchanged during this transition. Panel b) shows
instead a region with two FMF’s, while the topological index
W changes from 0 to +2. Note that the smaller peaks centered
around k ≈ 1.4 have the same weight (area under the peak)
as the diverging peaks that flip sign.
the winding number W within a phase, such that when
the divergence at non-HSP occurs, the curvature func-
tion at HSP will be affected. We now discuss the possible
physical mechanism leading to the FL and how to obtain
an analytical forms for their equations. A closer inspec-
tion of the quasienergy dispersion (35) reveals that, for
µ1(T ) =
pim
2T with m ∈ Z, the second summand vanishes
because of the sine being zero. We are thus left with44
θk =
{
TEk, m ∈ 2Z
pi − TEk, m ∈ 2Z+ 1. (42)
The lines described by the form of µ1(T ) above corre-
spond to the location of the FL. Consequently, along FLs
the driving is momentarily frozen and the quasienergy
dispersion is the static energy dispersion Ek, where the
relevant topology can host at most one Majorana mode
per edge. This also explains why gap closings appear at
non-HSPs: along the FL, for k values where |Ek| > pi, the
constraint −pi ≤ θk ≤ pi requires that |Ek| to be folded
back to the first Floquet-Brillouin zone, as illustrated in
Fig. 10. The nodes in the folding, which occur at non-
HSPs, reminisce gapless points. It remains to be seen if
the peculiar behavior of the FL associated with frozen
dynamics is a feature of the type of driving applied, or if
it can be extended to other driving protocols such a two-
or multistep-driving.
A natural question is whether the FLs signal additional
TPTs. Comparing Figs. 8(a) and 8(b), we clearly see that
the FLs are not systematically associated with a change
in the number of FMF’s given by M = N0 + Npi. How-
ever, there exist regions, where the FLs signal a change
in FMFs with ∆M = 2. An example is the yellow re-
gions in Fig. 8(a) where M = 3 jumps to M = 1 . Such
|∆M| = 2 jumps are also seen for other parameters. We
have verified that these jumps are indeed systematically
associated with gap closings at 0 or ±pi in the Floquet
quasienergy spectrum for both open and closed systems
with N = 2000. The corresponding wave functions are
real and show edge localization for open chains (for de-
tails see Appendix B). These gap closures indicate that
sometimes FLs signal transitions where ∆M 6= ±1 (see
Fig. 5 and 4). It follows that these do not belong to the
universality class of the TPTs where ∆M = ±1.
These intriguing features merit further study to verify
if indeed a driven system can host multiple universality
classes or if they are in anyway related to the anomalous
topological phases discussed in driven two dimensional
systems37, where new FMF’s modes are indeed created
but the difference of the FMF’s |N0 − Npi| remains un-
changed (e.g. N0 = 1, Npi = 0→ N0 = 1, Npi = 2).
Figure 10: Backfolding of the upper band of (a) the static
energy dispersion into (b) the first Floquet-Brillouin zone cor-
responding to the LCFLs where the dynamics is frozen. This
backfolding procedure induces apparent gap closings at non-
HSPs. The parameters are ∆ = 0.1, µ0 = 0.1, µ1 = 1.26 and
T = 2.5.
V. CONCLUSIONS
In summary, we have applied the CRG approach to
study TPTs in static and periodically driven Kitaev
chains. The method, though insensitive to micromotion,
provides a simple and efficient way to obtain the full topo-
logical phase diagram of the driven system. Comparing
our results with quasienergy spectra calculations, as well
as exact Majorana correlation functions, we find that the
CRG scheme correctly captures topological phase bound-
aries. The critical points of the CRG flow correspond
to TPTs where the number of localized edge Majorana
modes changes by one. Extending the notions of charge
polarization and Majorana-Wannier states to the effec-
tive Floquet-Bloch eigenstates, we show that the TPTs
in the driven case are signalled by a divergence of the
correlation length of the Majorana-Wannier state corre-
lation function. A calculation of the critical exponents
reveals that TPTs in both the static and periodically
driven chain belong to the same universality class.
The fixed lines of the CRG flow, on the other hand,
reflect the frozen dynamics of the system, where the
quasienergy dispersion maps back to the static disper-
sion. The fixed lines provide an explanation for previ-
ously unexplained features seen in Majorana correlations
in open systems. Surprisingly, some of the FLs indicate
new topological instabilities where the total number of
0− and pi−FMF’s changes by 2. Because of the simulta-
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neous appearance of pairs of 0 or pi-FMF’s, these transi-
tions are speculated to be of the anomalous kind, across
which the difference |N0 −Npi| stays constant.
An interesting question awaiting exploration is
whether, for such intriguing systems, the CRG method-
ology captures the complexity of the topology stemming
from the underlying micromotion. In particular, given
the preliminary results indicating additional transitions
where |∆M| = 2, it would be intriguing to apply the
CRG method to 2D models that are known to host
anomalous topological phases37,45.
We anticipate that our CRG method may be broadly
applied to investigate TPTs and universality classes in
Floquet systems subject to other types of periodic driv-
ing, such as square waves or multistep driving, or mod-
els defined in higher spatial dimensions. Furthermore,
the discretized RG equation, Eq. (38), offers a very effi-
cient numerical tool to identify TPTs especially in driven
higher dimensional systems.
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Appendix A1: Decay length of the Majorana edge
state close to the static TPTs
To show that the correlation length of the Wannier
state correlation function coincides with the decay length
of the Majorana edge state in the static Kitaev chain,
we address the edge state explicitly. We first consider
the edge state when the system is about to have a gap-
closing at an HSP k0 = {0, pi}. We aim at solving for
the zero energy edge state satisfying (ak · τ )ψ(x) = 0 for
a Hamiltonian defined in the positive half-space x ≥ 0.
Expanding the Hamiltonian around k0 to leading order
and project the Hamiltonian into real space by k = −i∂x
gives
a2,k0+k = k (∂ka2,k)k0 = −i (∂ka2,k)k0 ∂x ,
a3,k0+k = a3,k0 +
k2
2
(
∂2ka3,k
)
k0
= a3,k0 −
1
2
(
∂2ka3,k
)
k0
∂2x ,{
−i (∂ka2,k)k0 τy∂x
+
[
a3,k0 −
1
2
(
∂2ka3,k
)
k0
∂2x
]
τz
}
ψ(x) = 0 ,
(A1.1)
where (∂ka2,k)k0 denotes ∂ka2,k evaluated at k = k0.
Multiplying the equation by τy, we see that the edge
state is an eigenstate of τx, with ansatz ψ = χηφ(x) ∝
χηe
−x/ξk0 , where τxχη = ηχη = ±χη.
The solution for the decay length is
ξ−1k0,± =
(∂ka2,k)k0
η(∂2ka3,k)k0
± |(∂ka2,k)k0 ||η|(∂2ka3,k)k0
√
1 + 2η2
a3,k(∂2ka3,k)k0
(∂ka2,k)2k0
.(A1.2)
Demanding the sum of the two ξ−1k0,+ + ξ
−1
k0,− =
2η(∂ka2,k)k0/(∂
2
ka3,k)k0 > 0 yields η =
Sgn
[
(∂ka2,k)k0/(∂
2
ka3,k)k0
]
. There can be two cases: (a)
If (∂2ka3,k)k0 > 0, then η = Sgn [(∂ka2,k)k0 ] and hence
the longer one
ξk0,− = −
|(∂ka2,k)k0 |
a3,k0
(A1.3)
is identified as the decay length, where we have expanded
the square root to obtain this solution. The decay length
must be positive, and a3,k0 < 0 must be satisfied in order
for the edge state to exist. (b) If (∂2ka3,k)k0 < 0, then
η = −Sgn [(∂ka2,k)k0 ] and hence the longer one
ξk0,+ =
|(∂ka2,k)k0 |
a3,k0
(A1.4)
is the decay length. Demanding it to be positive, one sees
that only when a3,k0 > 0 does the edge state exist. In
summary, across the TPT (∂2ka3,k)k0a3,k0 changes sign,
and the edge state exists in the phase that has
(∂2ka3,k)k0a3,k0 < 0 , (A1.5)
with a decay length
ξk0 =
∣∣∣∣ (∂ka2,k)k0a3,k0
∣∣∣∣ . (A1.6)
In the static Kitaev chain, using Eq. (13) and k0 = {0, pi}
yields
k0 = 0 : exits when µ0 < t and ξ0 =
∣∣∣∣ ∆t− µ0
∣∣∣∣ ,
k0 = pi : exits when µ0 > −t and ξpi =
∣∣∣∣ ∆t+ µ0
∣∣∣∣ .
(A1.7)
If η = 1, then one may choose the spinor of the edge state
to be χη = (1, 1)
T /
√
2, meaning that the edge state an-
nihilation operator ψ =
(
f + f†
)
/
√
2 = ψ† is its own
creation operator. Likewisely, if η = −1, then one may
choose χη = (i,−i)T /
√
2 and hence the edge state anni-
hilation operator ψ =
(
if − if†) /√2 = ψ† is again its
own creation operator. Thus the annihilation operator of
the edge state is a Majorana fermion. Comparing the de-
cay length ξk0 with Eq. (28), it is evident that the decay
length of the Majorana edge state that appears in the
open boundary condition coincides with the correlation
length ξ of the Wannier state correlation function defined
in the closed boundary condition.
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Appendix A2: Decay length of the Floquet-Majorana
edge state close to the driven TPTs
The same analysis is also applicable to the periodically
driven case, in which case we look for the localized zero
Floquet energy edge state satisfying heff,kψ = (a˜k ·τ )ψ =
0, or equivalently from Eq. (33),
[a˜2,kτ
y + a˜3,kτ
z]ψ(x) = 0 . (A2.1)
Following the same calculation from Eq. (A1.1) to (A1.6),
we see that across the TPTs (∂2ka˜3,k)k0 a˜3,k0 changes sign,
and the edge state exists in the phase that has
(∂2ka˜3,k)k0 a˜3,k0 < 0 , (A2.2)
as we have verified numerically, and the decay length is
ξk0 =
∣∣∣∣ (∂ka˜2,k)k0a˜3,k0
∣∣∣∣ . (A2.3)
Comparing with Eq. (40), the correspondence between
the decay length and the Majorana-Wannier state corre-
lation length ξ is evident.
We proceed to discuss the critical exponent of ξk0 = ξ
near the TPTs in the driven case. From Eq. (33), we
see that at the HSP k = {0, pi}, the a˜2,k vanishes at
any {T, µ1}, so the gap-closing at k0 = {0, pi} is entirely
determined by when the a˜3,k term vanishes. First let us
consider the TPT caused by tuning T but holding µ1
fixed. The critical point Tc thus satisfies a˜3,k0,Tc = 0.
Expand a˜3,k near the critical point Tc yields
a˜3,k0,Tc+δT = a˜3,k0,Tc + δT (∂T a˜3,k0,T )Tc
= δT (∂T a˜3,k0,T )Tc , (A2.4)
provided the leading order expansion does not vanish,
which is true for this Floquet Majorana problem. There-
fore, the decay length in Eq. (A2.3) near the critical point
scales like
ξk0 |Tc+δT ∝
1
δT (∂T a˜3,k0,T )Tc
∝ 1
T − Tc , (A2.5)
indicating its critical exponent is ν = 1 when T ap-
proaches Tc. The same argument also holds when one
varies µ1 across the critical point µ1c holding T fixed, in
which case we expand
a˜3,k0,µ1c+δµ1 = a˜3,k0,µ1c + δµ1 (∂µ1 a˜3,k0,µ1)µ1c
= δµ1 (∂µ1 a˜3,k0,µ1)µ1c . (A2.6)
The decay length near the critical point scales like
ξk0 |µ1c+δµ1 ∝
1
δµ1 (∂µ1 a˜3,k0,µ1)µ1c
∝ 1
µ1 − µ1c .(A2.7)
In short, whether approaching the phase boundary
{Tc, µ1c} by varying T or µ1, the critical exponent of
the edge state decay length is ν = 1.
Appendix B: Behavior of quasienergy spectrum and
eigenfunctions across |∆M| = 2 transitions
As explained in the main text, simultaneous diver-
gences at non-HSP in the Berry connection can lead to
the appearance of regions where the number of Floquet-
Majorana modes jumps by two, i.e. |∆M| = 2. To un-
derstand the character of these transitions we illustrate
here some graphical results pertaining to these regions.
To verify whether the number of FMF’s indeed changes
across the FLs, we have calculated the quasienergy spec-
trum for chains up to N = 2000 (see Fig. 11). We
find that in the 2-FMF region for µ0 = 0.1, two pairs
of eigenvalues ±i approach ±pi within 10−5, while a fi-
nite gap (10−2) remains at 0. The eigenvalues close to pi
are separated from the next eigenvalues by a finite gap
of the same order. Similarly, in the 3-FMF region for
µ0 = 0.5, a pair of eigenvalues approaches 0, while two
pairs approach ±pi within 10−5. They are again sepa-
rated from the next eigenvalues by a gap of at least 10−2.
We have confirmed that these eigenvalues converge to 0
or pi as N →∞, while the gaps stay finite. However, the
relative magnitude of the gaps is too small to convinc-
ingly substantiate the appearance of isolated quasiener-
gies at 0 and ±pi. In order to understand the character of
those additional asymptotic zero-energy Floquet modes,
we have furthermore plotted their eigenvectors and dis-
covered that they can always be chosen to be purely real.
Additionally, they appear to be localized at the edges, al-
though their localization length, contrary to the FMF’s
obtained deep into the topological phases, can stretch
over hundreds of sites and hence tend to hybridize them
out of the 0- or pi-energy (see Fig. 12.) The asymptotic
eigenmodes seem to increase their localization in the limit
N →∞. In summary, current results reach the limits of
our numerical accuracy and we can therefore not conclu-
sively confirm that the asymptotic zero-energy Floquet
modes can be classified as true FMF’s. Typically, the
fixed lines do not manifest in the topological phase dia-
gram derived from M = N0 + Npi. However, for certain
values of the static parameter µ0, parts of the lines are
detected at higher periods T & 2.0 as additional transi-
tions where the value ofM jumps by two (see e.g. figure
8). It is however unclear to us whether this principle re-
mains in other Floquet systems or other types of driving
potential.
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